We present methods for accurate evaluation of van der Waals coefficients of dimers with excited atoms that have a strong decay channel. We calculate C6 coefficients for the Yb-Yb This brings urgency to understanding the collisional interactions of Yb, both among its various isotopes and with other gases. In particular, interactions of Yb atoms in the 1 S 0 and 3 P o 0 clock states on one hand limit accuracy of optical lattice clocks [19, 20] and on the other hand can be harnessed to engineer metrologically significant entanglement of clock atoms [21] . Characterization of these interactions for Yb is crucial for evaluating the feasibility of applying such ideas to Yb lattice clocks. As for the interactions of Yb with alkali atoms, their characterization is crucial for selecting efficient pathways for assembling Yb-alkali molecules via photo-or magnetoassociation and STIRAP techniques [12] . Unlike ultracold alkali dimer molecules [22] with largely diamagnetic ground states, the alkali-Yb dimers possess unpaired electron spin, and thereby can be controlled by both electric and magnetic fields. This added control enlarges the class of many-body Hamiltonians that can be simulated with ultracold molecules [15] .
We present methods for accurate evaluation of van der Waals coefficients of dimers with excited atoms that have a strong decay channel. We calculate C6 coefficients for the Yb-Yb 14 6s 2 , has emerged as a preferred candidate for the study of quantum gases [1] , optical atomic clocks [2] , quantum information processing [3] , and studies of fundamental symmetries [4] . With five bosonic and two fermionic stable isotopes in natural abundance, the 1 S 0 ground state, the long-lived metastable 6s6p 3 P o 0 state, and transitions at convenient wavelengths for laser cooling and trapping, Yb stands out as a prospect for use in quantum gas mixtures [1, [5] [6] [7] [8] [9] [10] [11] [12] [13] . The best limit for electron electric-dipole (EDM) moment that constrained various extensions of the standard model of electroweak interactions was obtained using YbF molecule [14] . Yb-Yb and Yb-Rb dimers studied in this work are proposed for quantum simulation applications and search for electron EDM [15] [16] [17] [18] .
This brings urgency to understanding the collisional interactions of Yb, both among its various isotopes and with other gases. In particular, interactions of Yb atoms in the 1 S 0 and 3 P o 0 clock states on one hand limit accuracy of optical lattice clocks [19, 20] and on the other hand can be harnessed to engineer metrologically significant entanglement of clock atoms [21] . Characterization of these interactions for Yb is crucial for evaluating the feasibility of applying such ideas to Yb lattice clocks. As for the interactions of Yb with alkali atoms, their characterization is crucial for selecting efficient pathways for assembling Yb-alkali molecules via photo-or magnetoassociation and STIRAP techniques [12] . Unlike ultracold alkali dimer molecules [22] with largely diamagnetic ground states, the alkali-Yb dimers possess unpaired electron spin, and thereby can be controlled by both electric and magnetic fields. This added control enlarges the class of many-body Hamiltonians that can be simulated with ultracold molecules [15] .
Accurate analysis of these interactions is a challenge for any atom, and usually requires both experimental and theoretical efforts. Key to both approaches is the determination of the van der Waals coefficients that express the long-range interactions between the two atoms. Here we report the results of a new approach for calculating the C 6 and C 8 coefficients of the interaction between ground-and excited-state Yb atoms, and between Rb and Yb atoms.
In previous work [23] , we evaluated the C 6 coefficient for Yb-Yb 1 S 0 + 1 S 0 and found it to be C 6 = 1929 (39) , in excellent agreement with the experimental result C 6 = 1932(35) [8] . However, our previous approach cannot be directly applied to the calculation of the van der Waals coefficients for the Yb-Yb S 0 radiative decay channel. This is also the case for the Yb-Rb
Now we report the development of methods for accurate evaluation of the van der Waals coefficients of dimers involving excited-state atoms with strong decay channels to the ground state. These methods can be used for evaluation of van der Waals coefficients in a variety of systems. Here we apply these to cases of current experimental interest. Specifically, in this work we calculated two sets of the van der Waals coefficients: (1) C 6 for the
Unless stated otherwise, throughout this paper we use atomic units (a.u.); the numerical values of the elementary charge, |e|, the reduced Planck constant,h = h/2π, and the electron mass, m e , are set equal to 1.
The C 6 coefficients can be obtained from experimental data by determining an asymptotic potential −C 6 /R 6 that reproduces experimental values of dimer rovibrational levels, where R is internuclear coordinate. One of the main uncertainties in this approach is due to the presence of the next order term, −C 8 /R 8 , which is not accurately known for any of the dimers involving Yb. For example, the present experimental value of C 8 of Yb-Yb
5 a.u. [8] , which has an uncertainty of 25%. The result that we obtained from the calculations in the present work is C 8 = 1.88(6) × 10 5 a.u., which is in excellent agreement with the experimental value, and reduces the uncertainty 3%. By constraining the likely range of C 8 values, our calculations may significantly improve the accuracy of C 6 values determined from experimental photoassociation spectroscopy.
We investigate here the molecular potentials asymptotically connecting to the |A +|B atomic states with fixed total angular momenta J 
possesses a definite gerade/ungerade symmetry and definite quantum number Ω. We put p = 0 for ungerade symmetry and p = 1 for gerade symmetry, taking into account that A and B are the opposite parity states. The dispersion potential describing long-range interaction of two atoms can be written in the form
where C 3 is the coefficient of the dipole-dipole interaction in first-order of the perturbation theory and C 6 and C 8 are the coefficients of the dipole-dipole and dipolequadrupole interactions in the second-order perturbation theory, respectively. If A and B are spherically symmetric states with no downward transitions, the C 6 and C 8 coefficients for the A + B dimers are (see, e.g., [24] )
where α 1 (iω) and α 2 (iω) are dipole and quadrupole dynamic polarizabilities at an imaginary frequency. For the
dimer, the expressions for C 6 and C 8 derived in the present work are substantially more complicated due to different angular dependence and the
S 0 decay channel to the ground state. A derivation of respective formulas is rather lengthy and will be presented in a subsequent detailed paper. The C 6 coefficient in this case is given by
where A J are the angular factors, Ω = 0, 1, and the quantities X J (J = 0, 1, 2) are
, and α B 1J designates a part of the scalar dipole 3 P o 1 polarizability, where the sum ranges over intermediate states n with fixed total angular momentum J n = J. The expression for the C 8 coefficient for the YbYb
The detailed final expressions for the C 6 and C 8 coefficients are given in the Supplemental Material [25] .
To estimate the uncertainty of our results we carried out the Yb calculations using two different methods. The first method combines configuration interaction (CI) with many-body perturbation theory (MBPT) [26] . In the second, more accurate method, CI is combined with the coupled-cluster all-order approach (CI+all-order) that treats both core and valence correlations to all orders [27] [28] [29] .
The point of departure for both methods is a solution of the Dirac-Fock (DF) equations,Ĥ 0 ψ c = ε c ψ c , where H 0 is the relativistic DF Hamiltonian [26, 28] and ψ c and ε c are single-electron wave functions and energies. The details of the Yb basis set and the CI space construction were given in [23] . The wave functions and the low-lying energy levels are determined by solving the multiparticle relativistic equation for two valence electrons [30] , with the effective Hamiltonian defined as H eff (E) = H FC + Σ(E), where H FC is the Hamiltonian in the frozen-core approximation. The energydependent operator Σ(E) which takes into account virtual core excitations is constructed using second-order perturbation theory in the CI+MBPT method [26] and using a linearized coupled-cluster single-double method in the CI+all-order approach [28] . A construction of the effective Hamiltonian in the CI+MBPT and CI+all-order approximations is described in detail in Refs. [26, 28] .
The dynamic polarizability at the imaginary argument is separated into the valence α v (iω), ionic core α c (iω), and α vc (iω) parts. The vc term compensates for the core excitations forbidden by the Pauli principle. The dominant valence part of the polarizability, α 
where T k 0 is the 0-component of the tensor T of multipolarity k and label "Re" means the real part. Then, 
The effective dipole operator T We start with the calculation of the Yb electric-dipole α 1 and electric-quadrupole α 2 static polarizabilities for the 6s Table I ; both scalar, α 1s , and tensor, α 1t , parts of the electric dipole polarizability are given for the 3 P o 1 state. Higher-order contributions, defined as relative differences of the CI+all-order and CI+MBPT values, are listed in column labeled "HO" in %.
In Ref. [23] , the uncertainties of the electric-dipole Table I illustrates that these uncertainties are slightly lower than the higher-order contributions for these states. Therefore the difference of the CI+MBPT and CI+all-order results gives a good estimate of the uncertainty. The calculation of the scalar To the best of our knowledge, there are no experimental data for the electric-quadrupole polarizabilities listed in Table I , nor for any of the transitions that give dominant contributions to these polarizabilities, such as polarizabilities, which will affect the uncertainties of their combined properties.
The values of the C 3 coefficients obtained in the CI+MBPT and CI+all-order approximations for the YbYb Table III of the Supplemental Material [25] . These coefficients depend entirely on the value of the 6s6p S 0 matrix element which has been discussed in [23] .
To determine the C 6 and C 8 coefficients, we calculate frequency-dependent electric-dipole and quadrupole polarizabilities at imaginary frequencies for the 1 S 0 and 3 P o 0,1 states. The ω = 0 values correspond to static polarizabilities discussed above. The integrals over ω needed for evaluation of the C 6 and C 8 coefficients are calculated using Gaussian quadrature of the integrand computed on the finite grid of discrete imaginary frequencies [32] . Details of the calculations, including the contributions of various terms to polarizabilities and the van der Waals coefficients, will be discussed in a subsequent paper. The results are listed in Table II . We note that the C 6 coefficients depend on Ω but do not depend on g/u symmetry. While there are small differences in the values of C 8 gerade/ungerade coefficients, these are less then our estimated uncertainties so we do not list separate values.
To estimate the uncertainties of the C 6 and C 8 coefficients, we compare frequency-dependent polarizabilities calculated in the CI+MBPT and CI+all-order approximations for all ω used in our finite grid. We find that the difference between the CI+all-order and CI+MBPT frequency-dependent polarizability values is the largest for ω = 0 and decreases significantly with increasing ω. Therefore, the upper bound on the relative uncertainties of the terms in the expressions of the C 6 and C 8 coefficients that contain integrals over ω may be estimated by the uncertainties in the corresponding static polarizabilities of atoms A and B (listed in Table I ) added in quadratures. The uncertainties of the terms that do not contain integrals over ω can be obtained using the uncertainties of the contributing matrix elements or using the difference of the CI+MBPT and CI+all-order values of the entire term. As a result, we estimated the fractional uncertainties of the C 6 coefficients for the We use shorten, 5s and 5p 1/2 , notations for the Rb states below. The ground state case 1 S 0 +5s was previously considered in [23] and the C 6 coefficient was obtained. The C 8 coefficient for this case is calculated in the present work.
We assume that the coupling scheme can be described by the usual Hund's case (c), i.e., Ω is a good quantum number for all Yb-Rb dimers studied here. The expression for the C 6 ( 3 P o 1 + 5s) coefficient is given in the Supplemental Material [25] . It can be shown that the C 6 coefficient for the Yb-Rb 1 S 0 + 5p 1/2 dimer is given by
where D = | 5p 1/2 ||d||5s |, α A 1 (iω) and α B 1 (iω) are the dynamic electric-dipole polarizabilities of the Rb 5p 1/2 state and the Yb ground state at the imaginary argument, and α B 1 (ω As ) is the frequency-dependent polarizability of the Yb ground state at ω As ≡ E 5p 1/2 − E 5s .
The ground state Rb-Rb C 6 and C 8 calculations were previously carried out in [36, 37] , and we use the 5s dynamic polarizability at imaginary frequencies calculated in those works. The Rb 5p 1/2 polarizability was calculated in [38] ; its uncertainty was estimated at the level of 0.1%. The values of Rb dipole (α 1 ) and quadrupole (α 2 ) static polarizabilities used in this work are given in Table III. We evaluate the C 6 (Ω) coefficients for the Yb-Rb (180) a Refs. [36, 37] .
b Ref. [38] . c Ref. [23] . d This uncertainty includes only error of the fit with Leroy-Bernstein method. S 0 + 5p 1/2 dimers using the Rb dynamic polarizabilities from Refs. [37, 38] and Yb polarizabilities at imaginary frequencies used in our calculation of the long-range interaction coefficients discussed above for the Yb-Yb dimers.
Since the uncertainties of the Rb 5s and 5p 1/2 static polarizabilities are negligible in comparison to the uncertainties of the Yb scalar Table III. The C 8 coefficient for the Yb-Rb 1 S 0 + 5s dimer is calculated using Eq. (3). The final value is listed in Table III. The uncertainty is determined from the uncertainties of the ground state dipole and quadrupole polarizabilities for Yb and Rb.
To provide additional verification of this value and its accuracy, we derived a semi-empirical formula for the C AB 8 coefficient of heteronuclear dimers, when both atoms are in spherically symmetric states, following a method suggested by Tang [39] . The resulting expression involves static dipole α 1 (0) and quadrupole α 2 (0) polarizabilities of the atomic states A and B, and the C 6 and C 8 coefficients for the homonucler dimers:
The quantities φ Using this formula, we obtained C 8 ≈ 3.20 × 10 5 a.u. for the Yb-Rb 1 S 0 + 5s dimer which is identical to our value obtained with use of Eq. (3) and given in Table III. To conclude, we evaluated the C 6 and C 8 coefficients for the Yb-Yb and Yb-Rb dimers of particular interest for studying the quantum gas mixtures. The uncertainties of all properties are determined to allow future benchmark tests of molecular theory and experiment. Most of these properties are determined for the first time. Methodology developed in this work can be used to evaluate properties of other dimers with excited atoms that have a strong decay channel.
We thank P. Julienne and T. Porto for helpful discussions. This research was performed under the sponsorship of the U. 
